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I ntroduction
The specific heat of /?-brass as measured by Sykes (1935) and by Moser (1936) shows an anomalous rise beginning at 160° C, the slope increasing markedly with increasing temperature. At 463° C a sharp maximum-a A-point-is reached and the specific heat drops abruptly to low values, the whole drop taking place within 7°. Moser states that this drop is steep but continuous. Both authors obtain a slope of 0*03 cal./degree2g. approximately by interpolating between their experimental values. The thermal expansion coefficient goes parallel with the specific heat and has a maximum of similar shape (Steinwehr and Schulze 1934). This phenomenon is explained as the transition of the Cu and Zn atoms from an ordered arrangement to disorder.
The existing theories account for the characteristic A-shape of the specific heat curve, but the quantitative agreement between theory and experiment is rather poor. The maximum specific heat and the slope of the specific heat curve below the maximum, as given by the theories, are too small.
It is conceivable that these discrepancies might disappear if better approximations were used in the existing theories. An attempt is made in the present paper to obtain better agreement by introducing into the theory the effect due to the thermal expansion which has not been taken into account so far.
A recent investigation (Muller 1938) of the rotation of molecules in solids has shown this phenomenon to be sensitive to change of volume. It seems therefore not unlikely that the neglected volume change may be responsible for the disagreement between experiment and theory in the case of /Mbrass.
The drop in the specific heat beyond the A-point is discontinuous according to the existing theories, which is not in agreement with the experiments. It is shown in the present paper that this discontinuity can be removed by a modification of the fundamental assumptions to be discussed in the following.
R e v iew on the e x istin g theories
The theory of order-disorder transition for an equimolecular binary alloy in a cubic lattice was developed on three different lines by Bragg and Williams (1934) , by Bethe (1935) and by Kirkwood (1938) . In the three theories the specific heat is found to be discontinuous at a " critical tem perature" ; volume changes are neglected. In the following the origin of the discontinuity is discussed. A complete report on the order-disorder transition is given by Nix and Shockley (1938) .
The original theory of Bragg and Williams is based on the assumption that the ordering energy is proportional to the long-distance order of the lattice. If the atoms are assumed to interact within small ranges only, this assumption seems to be somewhat arbitrary. Indeed the authors claim that the theory gives only a general idea of the way in which the long-distance order varies with temperature. The commencement of order, as they point out, depends in a very sensitive way on the relation between order and ordering energy. For these reasons it may be concluded that the theory of Bragg and Williams is not sufficient to decide whether the specific heat is discontinuous or not.
The theory of Bethe starts from a well-defined molecular model. A lattice is assumed to consist of two kinds of atoms (A and B ). The total energy is the sum of a potential energy arising from the arrangement of the atoms and the vibrational energy which is assumed to be independent. The theory does not deal with the vibrational energy. The energy of arrangement is assumed as the sum of interaction energies of pairs of nearest neighbours 4> a a >$bb*4>a b \ < t > = (h)(4>AA + <f>BB)-4>AB>°-This makes the energy Em of any configuration with m links between atoms of the same kind Em = mcj).
(1)
All possible arrangements have the same statistical weight. These assumptions determine all thermodynamical properties such as the specific heat. To calculate them is only a mathematical problem in volving the enumeration of all configurations with a given number of links between atoms of the same kind.
Bethe gives the rigorous solution for the one-dimensional chain of n atoms. The partition function is found to be P = (l+ x )n, x = e~^T, 7 = 1 jkT. This partition function corresponds to a chain in which the numbers of A and B atoms vary between 0 and n. It will be shown in § 5 that the same partition function holds for a chain with n/2 A atoms and n/2 B atoms.-For a " central atom " in a two-or three-dimensional lattice, which interacts with its z nearest neighbours (" first shell") only, the partition function P = (l+ x)z is obtained, and a similar partition function is found, which takes account also of the interaction of the atoms of the first shell with their nearest neighbours (" second shell" ). The specific heat curves have broad maxima and no discontinuity.
The partition function for the complete two-or three-dimensional lattice is extremely difficult to calculate. In section 6 of his paper Bethe works out a method of approximation. He divides the lattice points in two groups {a and b positions) which form two interpenetrating lattices. He defines as " I?" (right) atoms A atoms in an a position or B atoms in a b position, as " IT" (wrong) atoms A atoms in a b position or B atoms in an a position? A central atom and the various shells round it are considered, and it is assumed (in first approximation) that the only effect of the outer shells is to make R atoms in the first shell more likely than W atoms; this follows from the assumption that the outer shells themselves contain more R than W atoms. In order to calculate the partition function according to these assumptions, a mean energy for each W atom in the first shell is introduced, which accounts for the interaction of this atom with the remaining atoms in the infinite lattice. This energy is put -(l/r)loge, and is assumed to depend upon the temperature. The energy of interaction for every R atom in the first shell is assumed to be 0. It is shown that the relative probabilities rn and wn, that n atoms of the first shell are W and the central atom is R or W respectively, are From this the probabilities are calculated that the central atom is W or that any atom of the first shell is W. These probabilities must be equal, for the central atom is in no way distinguished from the others. By equating them e is computed as a function of the temperature. Two different analytical expressions are obtained for e, one holding below, the other beyond the critical temperature; this results in a discontinuity of the specific heat.
Bethe's method is subject to criticism. If according to the original assumptions the energy of every configuration depends only upon the number of links between atoms of the same kind and all configurations have the same statistical weight, no difference can be made between atoms in a or b positions. The probability that any lattice point is occupied by an R or a W atom must be equal at all temperatures. The interaction energy of an atom in the first shell with the rest of the infinite lattice is the same for an R or W atom, since one type is transformed into the other by interchanging the a and b positions. There are two types of long-distance order, with the majority of A atoms in a or b positions respectively. Both types have to occur in thermodynamical equilibrium with equal probability. In Bethe's treatment " right" and " wrong" atoms are defined relative to the first type of order, and his assumption that the outer shells contain more R than W atoms implies that transitions to the other type of order should not occur. At temperatures sufficiently below the critical such transitions are improbable and Bethe's treatment may be an adequate approximation. Near the critical temperature where all long distance order is breaking down, the two types of order must be expected to occur frequently. Bethe's method is not justified near the critical temperature and cannot prove the dis continuity of specific heat.
Kirkwood starts from the same molecular model as Bethe. He classifies the arrangements of atoms according to their degree of long-distance order, as defined by Bragg and Williams. To every class of configurations an energy distribution is attached, which expresses the number of configurations for given long-distance order and given energy. According to mathematical statistics every distribution function of energy is uniquely determined by the totality of the moments of energy. Kirkwood calculates the moments of the order 0 to 3 as functions of the degree of order and shows that all distribution functions have steep maxima. The distributions may therefore be roughly approximated assuming all configurations of one class to have the mean energy of this class. In this way a first approximation to the partition function is obtained. The specific heat is calculated by substituting, for the sum in the partition function its maximum term, an approximation which is legitimate in the limit of an infinite number of atoms. The result is identical with the result of Bragg and Williams. Their assumptions, arbitrary at first sight, are shown to be the correct first approximation to a kinetic theory. A second approximation is obtained by assuming the distribution functions to be error functions. The result is somewhat similar to Bethe's but not identical with it.
The discontinuity of specific heat is derived in Kirkwood's theory by substitution of the maximum term for the sum in the partition function, in other words in the-experimentally not realizable-limit of an infinite lattice. Disregarding this limitation it may therefore appear as if the dis continuity were derived from a molecular model without any arbitrary hypothesis. Kirkwood's theory, however, is only an approximation. It introduces an apparent long-distance interaction which makes the drop of specific heat more abrupt than it really is. Applying this method to the one-dimensional chain, it can be shown to have a discontinuity of specific heat at the critical temperature T = kj(j), which is in contradiction to Bethe's rigorous calculation.
Kirkwood's theory seems nevertheless to be a good approximation if it is applied to a finite number of atoms. In this way the discontinuity is avoided. The introduction of a finite number of atoms is not more arbitrary than that of an infinite number.
In order to account for the additional thermal expansion it is necessary to make the interaction energies functions of the volume. This involves the introduction of at least two parameters.
In the following the specific heat curve is derived by applying Kirkwood's first approximation, essentially the theory of Bragg and Williams, to a finite lattice with the interaction energies depending on the volume. 3
The order-disorder transition at constant pressure
The theory of Bragg and Williams is first to be modified in such a way as to hold for a finite lattice of j atoms at constant volume.
The lattice points are classified into a and b points forming two inter penetrating simple lattices. In any configuration let the number of a points occupied by A atoms be p. (The degree of order as defined by Williams is S = -1 + 4 p / j -)T he partition function
\ p j is transformed by applying Stirling's formula, omitting constant factors and introducing the variable
in which sum x assumes the values 0, 2/j9 4/j, 1/2. Substitution of the maximum term for the partition function would give the formulae of Bragg and Williams. In order to evaluate the sum at the critical temperature, the lattice being finite, the exponent is expanded in powers of x and the sum mation is approximated by integration over the variable y = x2 between the limits 0 and oo:
with the error integral 
The specific heat per gramme atom, Cv, and its derivative are Cv =0-590jL&, dCJdT = -( L k / T )( 1*18+j* 0-40) accordingly, where A denotes Loschmidt's number. In the limj->oo the slope of the specific heat curve tends to infinity with The above theory is to be modified so as to account for the specific heat of thermal expansion. This is done by making the interaction energies depend upon the volume and to take an average of the partition function over all volumes. The theory is simplified by assuming the vibrational energy to be independent of the energy of arrangement. This eliminates the effect of fluctuations of density; such configurations are only to be taken into account in which all elementary cubes have the same volume.
Regarding the relation of atomic energies and the volume, it is known that the volume at low temperatures must make (j)AB a minimum and that by expanding the lattice tends towards the minimum of (J) (^aa + ^bb)-The simplest mathematical formulation for potential energy curves near their minima is made by assuming (])AB and (|) {(j> AA + (j)BB) to depend upon the square of the volume change.
If u' is the volume and u" and u"' the volumes, at which (^) ($AA + (j> BB) and < fiAB have their respective minima, u" > u '\ and
the interaction energies are assumed to depend on the volume in the following way:
a and b being constants. For a = b = 0 Bethe's model is obtained.
In configurations with jp A atoms occupying a points the energy is, according to the approximation of Bragg and Williams,
and the partition function
The limits of the integral are approximated by -oo and oo. If x an(i ^ are introduced as functions of u according to equ. (5a) and (5b) and the integration is carried out, the partition function is found to be p i / _______^:T, f 6j^ra 2( j -a ;2)2 x=o \ 6# r[(a + 6) -4
x \ a -6)]/ 1 Li(« + 6) -x \a
The first factor may be omitted as being approximately constant. The partition function is evaluated for temperatures below the critical by substitution of its maximum term for the sum, in the neighbourhood of the critical temperature by expansion and integration in analogy to equ. (2c). I t is convenient to put a2/(a + b) = r,
The result of the maximum method is
Near the critical temperature, in the lima; = 0 accordingly, these equa tions become
The critical temperature is given by 0, = 1/3Jl, and the specific heat is Cp(T0) = 2k/O.
Evaluation of the partition function by expansion and integration gives the specific heat and its gradient at the critical temperature dT0 < W -
In order to construct the specific heat curve, the specific heat according to equ. (6) and a straight line satisfying equ. (8), and (9) are plotted; the first is assumed to be valid below, the second above, their intersection. The arithmetic mean of the specific heats of Cu and Zn as given by Moser is added to account approximately for the specific heat of vibration.
The curve (1) in fig. 1 is constructed with the following constants: 27 0 = 740°K, a = 0225, 6 = 0*203, j = 104, and the specific heat of vibration as given by curve (2). From these data dCpldT0= 1*66 cal./degree2 g. atom and (f) = 4*38 10~14 erg are calculated.
In fig. 1 the experimental values of Sykes and Moser are plotted as crosses and circles respectively; the specific heat per gramme given by these authors is multiplied by 64 as mean atomic weight. For the sake of comparison, Kirkwood's second approximation is plotted in the same figure (curve 3 ). The latter curve shows poor agreement only with experimental data, curve (1) agrees fairly well. It is seen that the parameters can be adapted so as to cover the experi mental facts.
It may be noticed that two significant experimental quantities, the maximum specific heat and the slope of the specific heat curve below the maximum, are determined in the theory by fixing the one constant 0 only. As a and b have the same magnitude, 0 is mainly determined by their arithmetic mean and is not very sensitive to changes of their differences. The same holds for the calculated specific heat curve. The theory can be tested, therefore, if a or 6 is derived from experimental data, b as curvature of the Cu-Zn energy curve can be related to the compressibility of /?-brass at room temperature.
The relative expansion from room temperature to the critical tempera ture is according to Steinwehr and Schulze (1934) Av = 0*033; the com pressibility is k = 10-6 atm.-1; the volume of a gram atom is V = 8*1 cm.3. For the elastic energy of expansion the equation holds:
At the critical temperature u = | and with the computed value of < f> , b = 0-29 is found instead of 0-203. This gives a check for the magnitude of b.
The validity of the present theory is limited by the assumption of in dependent energies of vibration and atomic arrangement. It cannot account for the fact that the normal lattice expansion is larger than the expansion due to the transition.
The present calculation shows that even a small expansion may give an appreciable difference between Cp and Cv.
The parameter^* enters in the decreasing branch of the specific heat curve only. If its numerical value were applied to the calculation of Cv with 24 * * 7 0 = 740°K, dCvldT0 = -0-11 cal./degree2 g. atom would result, a slope of about 1/20 of dCpldT0. Cv would accordingly not even approximate to a dis continuity. Experimental data on Cv are lacking. An attempt is made in the following sections to obtain information about Gv from the molecular model.
A GENERAL THEOREM OF STATISTICAL MECHANICS
The kinetic theory of discontinuities of thermodynamical quantities is so far not satisfactory. The existing theories of phase transformations use molecular models in order to calculate the free energies of the virtually separated phases, but the discontinuity is introduced by application of the thermodynamical condition of equilibrium and not derived from the mechanical equations. The existing theories on discontinuities of specific heat are making use of assumptions for which there is no a priori evidence. This was shown in § 2 with regard to the order disorder transition. For the ferromagnetic Curie point a discontinuity was derived by the theories of Weiss and of Heisenberg. These theories follow similar lines as the theories of Bragg and Williams, and Kirkwood respectively, and are subject to similar criticism. Recent contributions to the problem of sharpness of the Curie point were made by Opechowsky (1937) and Mott and Potter (1937) . Only Van der Waals's theory of evaporation and recent theories on the same subject (for instance by Lennard-Jones and Devonshire 1937) attempt to derive discontinuities from molecular models without any additional hypothesis.
The discontinuities cannot be explained by the special kind of forces acting in the system. For substances with different kinds of molecular forces have the same discontinuities (melting for instance) and one and the same substance may have a continuous or discontinuous transition according to external conditions (evaporation above and below the critical pressure). The Hamiltonian influences the thermodynamical properties in an indirect way only, as shown in the fundamental theorems of statistical mechanics.
We shall discuss the statistical mechanics of a system of molecules in a box with the volume V. The possible energy states of the system (with the weight wn) are depending on the volume. 
The coefficients wn being statistical weights are essentially positive.
In the classical limit the partition function is P(T, V) = je -E*w(E with the weight function w(E, V) ^ 0. In this approximation the partition function is factorized, one factor depending on the kinetic and one on the potential energy only, of which factors the first is a continuous function of temperature, independent of the volume and cannot possibly lead to any discontinuity.
If the molecules are assumed to be enclosed in a cylinder with a piston carrying such a weight that the pressure is we can formulate the statistical mechanics of systems at constant pressure. The partition function is
respectively. The free energy at constant pressure and the enthalpy is obtained by introducing P into formulae (10). The only difference is that here the parameter is p instead of V. The integration over V is to be carried out to a large but finite limit only, in order to avoid infinity of co-ordinates, but it follows from all known thermodynamical facts that the partition function becomes independent of this limit if the latter tends to infinity. From these equations it is seen that the Hamiltonian enters only indirectly to the thermodynamical quantities through the weight function. Although every Hamiltonian defines its weight function uniquely, an infinite multi plicity of virtual Hamiltonians may give the same weight function.* All systems with discontinuities may accordingly have very different kinds of forces but will probably have weight functions of characteristic properties. In trying to find them a general theorem could be established:
(I) For any physically possible ergodic system with all parameters fixed and in thermal equilibrium, the mean energy and all its derivatives are continuous functions of the temperature.
Proof. According to the assumptions we have P(t) = ^e~EnTwn = e-EiT'£e-(En-Ei)Twn n n (wn>0), (E This sum converges for finite temperature. We assume r to be a complex variable r = a + ip. The sum converges accordingly for p = 0, e r^a > 0. As ^> 0 the convergence is absolute. If p 4=0 the sum converges as well, because every term of the absolutely convergent sum is multiplied with a number the absolute value of which is one. As the convergence is uniform relative to r on any closed contour within the range 0 < a ^ cr ^ /?, -y^p ^8, where /?, y, 8 are positive numbers. As all terms of the sum are analytic functions of r in the interior of the contour, the sum in the partition function is an analytic function of r; for series converging uniformly on a closed contour, the terms of which are analytic functions within the contour, are also analytic functions. The partition function, a product of this sum and an exponential, is analytic as well. The function E is a fraction of analytic functions. As the denominator P(r) > 0 it is analytic; E and its derivatives are accordingly continuous on the real axis. This theorem excludes discontinuities of the mean energy or derivatives in any system in equilibrium, in which thermodynamical quantities can be defined.
The problem of discontinuities is not settled with this statement. In a system with n molecules the partition function P(n) is analytic, but lim [P(n)]^n may be non-analytic. In this case the specific heat per molen-> o o cule or some of its derivatives, though finite, may rise over any finite limit, if the number of molecules increases sufficiently. An example for this is provided by the gradient of specific heat in the theory of Bragg and Williams. As the number of molecules is large in macroscopic systems, experiment would give a discontinuity.
Discontinuities of this kind are not excluded by theorem I; but in special systems they may be excluded by a corollary to this theorem.
(Ia) If a thermodynamical system consisting of n particles and having the partition function P(n) can be divided into smaller systems of j particles (n = gj) so that at a constant and finite value of j , lim P(n) = [P(j )]a, the 9->oo mean energy per particle and all its derivatives must tend to a finite limit in the lim n->co.
This follows from the fact that in such a system the mean energy per particle and all its derivatives are equal to the mean energy per particle and its respective derivatives in a system of j particles, in which system all discontinuities are excluded by theorem I.
P roof of continuity of Cv
An argument for the continuity of the Cv curve of /?-brass is found as follows: The lattice is divided into cubes and the links are classified in links within the cubes and surface links between lattice points belonging to different cubes. If the cubes are large enough, the number of surface links and their contribution to the energy may be neglected. In this approxima tion the cubes are statistically independent and the mean energy per atom, being independent of the number of cubes, is according to theorem I an analytic function of temperature.
In order to give a rigorous proof of continuity the cubes must be shown to become statistically independent in the limit of an infinite lattice, even if the energy of surface links is not to be neglected; moreover, the exchange of atoms of different cubes must be taken into account.
At first all possible numbers of A -and 5-atoms are allowed in the lattice, so that every lattice point can be occupied by an A or a B atom, inde pendently of the atoms by which the other lattice points are occupied.
It is convenient to introduce 9/z, the energy of the link with the index Z, as variable.
can take two values 0 and (j). In the one-dimensional chain any of these variables is allowed to assume its two values independently of the others. In the two-or three-dimensional lattice they are no longer independent. Of the links, which form a closed contour, an even number only is allowed to take the value 0 or (With 4 links which form a square for instance, 0 or 2 or 4 links may have the energy 0 but not 1 or 3). If 2 (or 3) links are considered any of them can assume the energy 0 or 0 whatever may be the energy of the other link (or other two links). The fluctuations of energy of different links are therefore independent:
[Z%a-( S %)]2 = 2 (W-%2)-(ii) l l l The lattice of n = gj lattice points is divided into g cubes each containing j lattice points. The energy Em of any configuration may be written as the sum^m -em + em The following estimate of the mean square of deviation shows that the overwhelming majority of configurations has surface energies lying within these limits.
By means of equ. (11) the relation ? -* ■ = H W -nis obtained and, taking an experimental upper limit for the specific heat, (CJL) < 8 kt he limits of the surface energy are estimated:
The mean square of deviation appears to have the same magnitude as in independent systems. The free energy of the surface links per atom is enclosed between two limits
JcT kT kT (ejn) + 6* -p | > -[log 2 e~e™ Twm -log 2 e~(e™ +e™ > T wm] > (e/n) -6* -p j.
Srj n m m 9j
The free energy per atom of the infinite crystal (limgr^oo) is
(1 /n)F(n) = (1 the sum of contributions of independent cubes and of the total surface; the latter contribution depends on temperature but not on the configurations of the cubes, and is accordingly the sum of contributions of independent surfaces attached to each cube: e(n) = ge(j).
The partition function can be written P(n) = e -T(W?)[^0')+€0')] = [P(j)]a .
[e~T ]g as the product of two functions to each of which theorem I a applies. The mean energy per atom and its derivatives are therefore continuous func tions of the temperature. So far the number of A and B atoms have been treated as variables. Actually these numbers are variable only in the single cubes but are con stant in the lattice. This inconsistency has no effect upon the final result. A general theorem of statistical mechanics says that any quantity, being independent in the systems of an assembly and subject to a law of con servation, must appear as exponent of a canonical distribution with a modul which depends on temperature only (Delbriick and Moliere 1936).
If the number of A and B atoms in the lattice is variable the partition function may be written P(n) = ^S o2>0>p)]*» (12) where p is an index attached to every cube (1 ^p ^ g) and vp is the number of A atoms in the cube (0 ^ vp ); p(j, vp) is the partial sum in the partition function taken over all configurations with the same vp.
If the number of A atoms is \n , the partition function must be modified:
where/(t) is determined by the condition:
2 P(j, v) e~vPK T )
V=o '
As the problem is symmetric in the numbers of A and of B atoms,
p(j, vp)=p[j,
Equ. (14) can therefore only be satisfied if f(r) = 0 for all temperatures. The partition functions (12) and (13) are seen to be equal. This proof shows, first, that Kirkwood's approximation is insufficient at the critical temperature, secondly, that Bethe's treatment of the one-dimen sional chain is rigorously correct, but that his treatment of the two-and three-dimensional lattices is wrong at the critical temperature.
In § 3 the slope of the Gv curve was found to be finite; this conclusion is now confirmed.
The slope of the Cv curve
The partition function of neighbouring cubes can generally not be written as a product. It contains " coupling" terms, which remove the statistical independence of the cubes. In an infinite lattice the contribution of the " coupling" terms can be summarized as contributions of independent surfaces attached to every cube; this holds for any size of the cubes as shown in §5. It follows that even a small number of cubes approaches statistical independence if only the number of atoms within the cubes is large enough.
The relative contribution of the " coupling" terms to this partition function gives a rough estimate for the approach to the statistical in dependence of the cubes. The contribution is diminished if their size increases.
In the semi-empirical method of § 3 the lattice is divided into aggregates of j atoms. The assumption is implied that these aggregates are statistically independent, and subdivisions of them are " coupled" by an apparent long distance interaction. This approximation involves a relation between the contributions of the " coupling" terms and the size of the cubes: at the critical temperature this contribution must be considerable for cubes of less than j atoms and decrease rapidly if the size of the cubes rises over j.
It will be shown in the following section that the empirical method can be justified on theoretical grounds. The partition function of neighbouring cubes is calculated. It will be shown that such a number of atoms in the cube j 0 exists, that for cubes smaller than j 0 the contribution of " coupling" terms is appreciable and becomes very small for cubes with more atoms. The value of j 0 will be seen to be of the same magnitude as found in § 3.
The partition function of neighbouring cubes may be written:
E\ E %
where gx and g2 are the partition functions of the virtually separated cubes 1 and 2 and g12 is a sum taken over all configurations of the surface links compatible with energies E± and E2 of the cubes. This partition function is approximated by taking the sum g12 over such configurations only, which are compatible with an energy of either cube equal to their mean energy E :
The functions and P2 are assumed to be calculated according to the method of § 3. In deriving the partition function P12 the lattice points on the surface are classified in a and b points. It is convenient to define the a points in such a way as to put an a point on the surface of one cube opposite to an a point of the other cube. The link between two opposite surface points has the energy 0 or ^ for atoms of the same kind or unequal atoms respec tively. m denotes the number of lattice points on the surface of each cube. The calculation is simplified by the assumption that the number of A atoms on the surface is \m and that the number of A atoms on a points of the surface is q -pm/j, where p has the same significance as in § 3. By introducing the variable x of § 3 according to p = (1 + 2x), q = £(1 + 2 x)m is obtained. As a; is a function of E , _
E =j^(f-6a:2)J q is also a function of E,
q = q(E) = [l + 2 (i-E /6< l)jn
In deriving the partition function the configurations on the surfaces are to be enumerated, which are compatible with given energies of the cubes. If r and s are the numbers of a and b points respectively, the links of which are occupied by pairs of A atoms, the number of configurations with given q, r, s is found to be or;s Q" being the contribution of the " coupling " terms. As the partition function is equal to Pl2 (l + e-2^)«|~S 2 q^-m^ 9j e-2'^s _ the relative magnitude of Q" and Q' is readily estimated. If the maximum term of the first sum is included in the second sum, both sums are of equal magnitude; if the maximum term is shifted beyond the limits of the second sum, the latter becomes small compared with the first. The maximum term is given by
. where It appears in the second sum if s ^ (|m -2q). The relative magnitude of Q' and Q" changes rapidly for s = \m -2q. All these numbers are functions of j, m according to
The factor 3 is introduced to account for the interaction of a cube with all its neighbours, x depends on J according to X2 = l-E /Q j, and (at the critical temperature) according to equ. (4a) E = j?Hf-3(3/j7r)i).
It follows that x = -(3/477-j)* = -070(15) g = ( |) ji( l-l-4 0 j-i) ,
{\m -q ) = (f)jt(l + 1.40j-i),
{\m -2q) = 2-10j* ,
and as at the critical temperature e_2^T/(l + e_2< 4T) = 0-339, s = 0-254/(1 + l-40j"i).
The value of j for which the maximum term of the first sum is equal to the upper limit of the second sum s = \m -2 (20)
is calculated according to equ. (17), (18) and (19) from the equation 0-254/(1 + l-40j-i) = 2-lOjtV,
the solution of which is j 0 = 2-2 x 103.
For j<j0 the ratio Q" jQ' = 1, the difference Q' -Q" being of the magnitude m ~-. For j >j0 the ratio decreases exponentially. An upper limit of the ratio for j = 1 04 is 0-6 x e-5, the actual value is likely to be much smaller. Such a relation between Q"IQ' and j at the critical temperature is consistent with the concept implied in the method of § 3. The numerical value of is of the same magnitude as 104 the number of atoms within one aggregate, which number was found in §3 in order to yield the experimental gradient of specific heat at the critical temperature.
The value of j 0 increases if the temperature is diminished. Nea < 7 = 0, 5 = 0, \m -2q = \m for any value of so that equ. (20a) has no finite solution. This is not in contradiction with the result of § 5, for in the limit of an infinite lattice the partition function has the form of a power of the partition function of one pair of atoms.
The interpretation of experimental facts as given in § 3 appears to be compatible with the molecular model.
In conclusion, the author wishes to express his thanks to Sir William Bragg and the managers of the Royal Institution for the excellent oppor tunities given to him for carrying out this work at the Davy Faraday Labora tory. He is also much indebted to Dr A. Muller for many interesting and helpful discussions.
S u m m a r y
A theoretical investigation is made of the specific heat of /?-brass. The following assumptions are made in the course of the calculation:-
The interaction energies of the atoms vary with the square of change of volume.
The energy minimum of the average of Cu-Cu and Zn-Zn energies are lying at higher volume than the minimum of Cu-Zn.
The partition function at constant volume is calculated according to the theory of Bragg and Williams; the corresponding partition function at constant pressure is obtained by taking an average over the variable volume.
It is shown that the specific heat curve can be adjusted so as to give good agreement with experiment for temperatures below the maximum of specific heat.
The theory of Bragg and Williams is applied to a lattice containing a finite number of atoms. By introducing this number agreement is obtained with the experimental slope of the Cp curve beyond the maximum. A theoretical estimate is made which justifies the introduction of this finite number.
A general theorem of statistical mechanics is derived, according to which all thermodynamical quantities in physically realizable systems are analytic functions of the temperature.
